We show that an additive function denned on an orthomodular poset and taking its values in the positive cone of a normed Riesz space admits a Lebesgue Decomposition and a Yosida-Hewitt Decomposition.
Introduction
The classical Decomposition Theorems of Lebesgue [13] and Yosida-Hewitt [7] have recieved considerable attention for their applications to a systematic and detailed study of finitely additive set functions (see [3] ). In this paper we give twofold extensions of these results; namely, the corresponding additive function is defined on an orthomodular poset and takes its values in the positive cone of a Dedekind complete normed Riesz space with order continuous norm. Our method is a natural refinement of the arguments used by Hewitt and Yosida [17] (see also [8] ), and we get, as byproducts, some interesting results established by Aarnes [1] , Darst [6] , Ruttiman [14] , and Schmidt [16] .
The paper is organized as follows: In §2 we give some elementary notions of orthomodular posets and Riesz spaces. Section 3 presents the noncommutative version of the Lebesgue Decomposition Theorem, and we deduce some corollaries. In the last section we establish two noncommutative versions of the Yosida-Hewitt Decomposition Theorem and deduce in every detail the important decomposition given by Aarnes [1] .
Preliminaries
Let (E, <) be a partially ordered set, and let D be a nonempty subset of E. If the supremum (resp. the infimum) of D in E exists, it will be denoted by \JD (resp. /\D). In particular, if D = {u, v} we write w V v = VD and u Av = /\D.
Consider the quintuplet (L, <,' , 0, 1) where L is a set, < is a binary relation on L,' is a function from L into L, and 0, 1 are two distinct distinguished elements of L . We say that L -(L, < ,' , 0, 1) is an orthomodular poset if the following conditions are satisfied:
(i) (L, <) is a partially ordered set.
(ii) 0 is the least element of L and 1 is the greatest element of L. (iii) ' is a decreasing function, a" = a and a A a' = 0 for all a £ L. From these axioms it follows immediately that 0' = 1 , 1' = 0, and a\/ a' -I for all a £ L.
An orthomodular lattice is an orthomodular poset (L, <,' , 0, 1) such that (L, <) is a lattice. A distributive orthomodular lattice is called a Boolean algebra.
The following example of orthomodular poset will be used in §4: Let H be a Hilbert space over R or C with inner product (•,•)> let E(H) be the set of all closed subspaces of H, and let L be the function from L(H) into L(H) defined by the formula Mx = {v £ H: (u, v) = 0 for all u £ M}. Then (L(H), C, -1, 0, H) is a complete orthomodular lattice which is not a Boolean algebra if Dim(//) > 2 (see [11, 12] ). For more details concerning orthomodular posets or orthomodular lattices we refer to [2, 11, 12] .
Throughout this paper, L = (L, <,' , 0, 1) is assumed to be an orthomodular poset.
Consider the quadruple (V, +,' , <) where (V, +, •) is a vector space over R and < is a binary relation on V . We say that V = (V, +, •, <) is a Riesz space if the following conditions are satisfied:
(i) (V, <) is a lattice.
(ii) If x < y , then x + z < y + z for all z £ V . A normed Riesz space is said to have order continuous norm if every orderconvergent filter in V converges in norm to its order limit. It is well known that every Banach lattice with order-continuous norm is Dedekind complete.
For more details concerning Riesz spaces we refer to [9, 15] . Throughout this paper, V = (V, +,-,<, || • ||) is a Dedekind complete normed Riesz space with order-continuous norm.
Next we list some examples of such Riesz spaces:
(1) The «-dimensional vector space Rn endowed with its canonical order and norm. and let X £ a(L, W). We say that:
(a) p is A-continuous, and we write p « X, if, for every real number e > 0, there exists a real number S > 0 such that a £ L and \\X(a)\\ < 3 imply \\p(a)\\<e.
(b) p is A-singular, and we write p ± X, if, whenever y £ a(L, V)+ , y « X and 7 < p, then y = 0. Proof. Since (a) is immediate, we give the proof of (b). Let (fl()/e/ be an orthogonal family of elements of L such that a = V{a/: i £ /} exists in L. Let e £ R be such that e > 0. Since p « X, there exists a real number 3 > 0 such that c £ L and \\X(c)\\ < 3 imply \\p(c)\\ < e . Because X £ cca(L, W)+ , the family (A(a,-) )/e/ is summable in W and X(a) = J2ieIX(at). 
The Yosida-Hewitt Decomposition Theorems
Let p £ a(L, V)+ . We say that p is purely finitely additive (resp. weakly purely finitely additive) if y € ca(L, V)+ (resp. y £ cca(L, V)+) and y < p imply y = 0. We are in position to establish the second and third main results of this paper: To prove the uniqueness, suppose that there exist four elements £x , nx , £2, and r\2 in a(L, V) such that £■ + nx = p = £2 + n2 , £x and £2 are completely additive, and nx and n2 vanish on all finite-dimensional subspaces of H.
Let N £ L be such that dim(A0 < +00. Then nx(N) = 0 = r\2(N), and therefore £1 (N) = £2(N). Let M be an arbitrary closed subspace of H, and let (e,),e/ , be an orthonormal basis of M. Then (Bei)ieI is an orthogonal family of one-dimensional subspaces of H and M = \/{Bei: i £ 1} . Since £1 and £2 are completely additive, it follows that £,{M) = $>(£,,) = $>(*«) = &W 16/ ie/ So <^i = E,2 and therefore nx = n2.
